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I Introduction
Newton's gravitational theory has been used for centuries to predict the motion of objects within our solar system. In Newton's theory, the gravitational field, g M , at a distance r from a given mass M points towards the mass and has a magnitude given by
where G is Newton's gravitational constant. Newton's theory has been extremely successful, but over the years anomalies have been observed. For example, observational data indicated that the orbit of Uranus deviated from what was predicted by Newton's theory. One possibility, considered at the time, was that Newton's theory broke down at great distances from the Sun. However, the subsequent discovery of Neptune accounted for this discrepancy and Newton's gravitational theory was put on even firmer footing. Another historical example was the anomalous precession of the perihelion of Mercury. Again, observational data indicated a deviation from what was predicted by Newton's gravitational theory. However, in this case no additional planet was found and Newton's gravitational theory did indeed break down. A new gravitational theory was required, Einstein's general theory of relativity, to explain the anomaly.
Currently, there are new anomalies that require explanation. One of these, found within our own solar system, is referred to as the Pioneer anomaly as it stems from the analysis of tracking data from the Pioneer 10 and 11 spacecrafts [1] [2] [3] . This data has indicated the onset of an anomalous acceleration of the spacecraft directed towards the Sun at a distance between 10 to 15 AU (1 AU = 1.495 978 70 x 10 11 m). From a distance of 15 AU to the limits of the data, approximately 50 AU from the Sun, this anomalous acceleration appears to be constant with a value of a PIONEER = (8.74 1.33) x 10 -10 m s -2 .
Over this distance the gravitational field of the Sun varies from 2.6 x 10 -5 m s -2 to 2.4 x 10 -6 m s -2 so the effect is relatively small. For distances within 15 AU of the Sun, the uncertainties in the data are large but the results do seem to indicate that the anomalous acceleration is not present within the inner solar system (i.e., < 10 -15 AU from the Sun). This agrees with planetary ephemerides and the results from the Viking mission [2] and the Cassini mission [4] which indicate that at least within the inner solar system no anomalous acceleration seems to exist.
The Pioneer anomaly is a much more contentious anomaly than those that were associated with the orbits of Uranus or Mercury. Although attempts to explain the anomalous acceleration as a result of forces generated by the spacecrafts themselves [3] have not yielded values of large enough magnitude, much of the scientific community still does not accept the Pioneer anomaly as pointing the way to new discoveries.
A second observation that disagrees with accepted gravitational theory is that the orbital velocities of galaxies are found to be much greater than what is predicted. There are two general characteristics of this anomaly. First, it is found that the galactic orbital velocities do not fall off with increasing distance as current gravitational theory predicts. But, remarkably, as one moves further from the galactic center the rotational velocity curves flatten out and the rotational velocity remains relatively constant. Secondly, there is a relationship between this constant orbital velocity found at large r and the total luminosity of the galaxy. This is called the TullyFisher [5] relationship. By taking into account the gas content of galaxies it has been shown [6] that this relationship is fundamentally a relationship between v, the rotational velocity of the galaxy, and M, the total baryonic mass of the galaxy. This baryonic Tully-Fisher relationship is given by
where M S is the mass of the Sun.
As an explanation for the larger than predicted galactic rotational velocities, the assumption that the mass of galaxies resides primarily in the observable luminous matter, namely the stars, was brought into question [7] . A model of dark matter has thereby arisen wherein it is currently believed that the major contribution to the mass of a galaxy, and thereby its gravitational field, are undetected nonbaryonic particles. Other explanations for the observed orbital velocities of galaxies have been proposed. These include Modified Newtonian Dynamics (MOND), as proposed by Milgrom [8] [9] [10] [11] [12] , which postulates that the inertia of an object varies with acceleration and modified gravitation (MOG), as proposed by Moffat [13] [14] [15] [16] [17] .
One alternative to the dark matter theory, as proposed by Blanchet [18] [19] [20] , that is pertinent to the present paper is the existence of a cosmic medium consisting of gravitational dipoles that become polarized in a gravitational field. This theory differs from both MOND and theories such as MOG in that no modification of current gravitational theory or Newtonian dynamics is required. The polarized dipole medium provides an additional contribution to the gravitational field surrounding a given mass. This model is in some sense similar to the dark matter model in that nonbaryonic particles, in this case gravitational dipoles, contribute to the gravitational field of a given mass. However, a major difference between this polarized cosmic medium model and the dark matter theory is that the field contribution of the gravitational dipoles, unlike dark matter particles, is induced by the gravitational field of a given mass.
The gravitational dipoles in Blanchet's theory have been modeled [18] as consisting of a pair of particles, one of positive gravitational mass and the other of negative gravitational mass, with both particles having positive inertial mass. The behavior of these gravitational dipoles in a gravitational field is treated as being analogous to electric dipoles in an electric field in that their dipole moments align with the gravitational field. An unspecified internal force between the pair of particles that constitute the dipole is required to bind the dipole together. This force is also required to balance the local gravitational field so that the dipole distribution about a given mass is stable. The internal force, and therefore the dipole moment, is modeled as either being dependent on the gravitational field [18, 19] or on the polarization field [20] . The dependence is such that the model leads to the baryonic Tully-Fisher relationship.
Penner [21] considered the general case in which the gravitational field of a mass induces a gravitational contribution, g A , from the surrounding vacuum. It was shown that, irrespective of the details of the model, the relationship between the induced gravitational field and the total gravitational field, g = g A +g M , can be expressed as
where k and g 0 are constants. From equation (4) , in the weak gravitational field limit, Penner [21] then derived the following equation,
which is in agreement with the baryonic Tully-Fisher relationship. In addition, it was shown that in the strong field limit a value for g A would be obtained that is in reasonable agreement with the observed Pioneer anomaly. Examples of possible functions for g A (g) were presented, but Penner [21] did not derive any specific relationship between g A and g.
Penner [21] also offered an alternative to Blanchet's theory on the manner in which the gravitational field of a mass may induce a gravitational field from the vacuum. In Penner's model, entities of both net positive and net negative energy continually come into existence in the vacuum with a maximum lifetime dictated by Heisenberg's uncertainty principle. The positive energy entities accelerate towards the given mass during their lifetime, while the negative energy entities accelerate away. In this model each displaced entity is treated as equivalent to an energy dipole. Unlike Blanchet's model, these positive and negative entities are not bound to each other and no force is required to keep their distribution stable. The finite lifetime of the entities in Penner's model ensures a time-independent distribution. This present paper is a continuation of Penner [21] . A model of the behaviour of the positive energy and negative energy entities in a gravitational field will be presented and the specific relationship between the resulting induced gravitational field g A and the total gravitational field g will be derived. The resulting relationship will be found to lead to both the baryonic Tully-Fisher relationship and the Pioneer anomaly.
II Model
In Penner [21] it is hypothesised that throughout the cosmos entities of both net positive energy and net negative energy continuously come into and out of existence. The maximum lifetime, , of these entities is given by the Heisenberg uncertainty principle;
where E is the net energy of a given entity.
Given the above hypothesis, consider the effect that a gravitational field will have on these entities. An entity of net positive energy will during its lifetime be attracted towards the source of the gravitational field. Similarly, an entity of net negative energy will be repelled away from the source. The behaviour of the vacuum in the vicinity of a mass is therefore analogous to some degree to the behaviour of a dielectric in the vicinity of a charge. In the case of a dielectric in the presence of a positive charge, negative charge within the dielectric will shift towards the positive charge and concurrently positive charge will shift away. Overall, the net charge of the dielectric remains zero. The dielectric therefore becomes charge polarized when placed in the vicinity of a charge. The charge polarized dielectric creates an electric field that opposes the electric field due to the charge and as a result the net electric field surrounding a charge placed in a dielectric is reduced. In the case of the vacuum surrounding a mass, positive energy entities within the vacuum will shift towards the mass and concurrently negative energy entities will shift away while the net energy of the vacuum remains zero. The vacuum thereby becomes energy polarized in the vicinity of a mass. The energy polarized vacuum will contribute a gravitational field that adds to the gravitational field of the mass causing the net gravitational field surrounding a mass to be increased.
The above behaviour proposed for the net negative energy entities does require a modification to Newton's 2 nd law. Specifically that m I , the inertia mass of an entity, needs to be given by
where is the magnitude of the total energy of the given entity. The repulsive gravitational force exerted by the source of the gravitational field on a net negative energy entity will thereby result in the entity accelerating away from the source.
In Penner [21] , it is shown that the resulting induced or anomalous gravitational field (anomalous referring to the gravitational field that is in addition to what current gravitational theory predicts) due to the energy polarization of the vacuum is given by
where P E is the equivalent energy dipole moment density. The equivalent energy dipole moment density will be given by
where N is the rate per unit volume at which entities (both positive energy and negative energy) come into existence, p E is the equivalent energy dipole moment of a given entity, and t E is the lifetime of a given entity. The lifetime of a given entity, t E , will in general be less than , its maximum possible lifetime, as a result of interactions. The bar over p E t E and over subsequent quantities represents an averaging over the entities. It is hypothesised that these entities come into existence with zero velocity with respect to the gravitational field and therefore with zero velocity with respect to the source of the gravitational field. It is further hypothesized that these entities come into existence as a pair with one of the entities having a net energy of +E 1 while the other has a net energy of -E 1 . These two entities are taken to be unbound and therefore as a result of the gravitational field the +E 1 entities will accelerate towards the source of the gravitational field while the -E 1 entities will accelerate away. The equivalent energy dipole moment for any given entity will thereby be given by
where E is the net energy of the entity, either ±E 1 , and t is the time-averaged displacement of the entity due to the gravitational field. The equivalent energy dipole moment for a given entity will point towards the source of the gravitational field for entities of both positive energy and negative energy (in this case E is negative and t points away from the mass). The gravitational field due to the equivalent energy dipoles, as given by equation (8) , will therefore add to the gravitational field of the mass and the magnitude of the total gravitational field g surrounding a mass will be given by
The magnitude of the time-averaged displacement of an entity over its lifetime will be given by t = .
The value of the gravitational field that is used in equation (12) should properly be the local gravitational field at the location of the entity. The local gravitational field is equal to the total gravitational field minus the minus the contribution that the entity itself contributes to the calculated value for g. An analogous correction is required when calculating the electric field that acts on an electric dipole within a dielectric [22] . However, in order to simplify the derivation the local gravitational field will be taken to be equal to the total gravitational field g at that location. Integrating equation (12) then results in
where x A , the magnitude of the net displacement of an entity, is given by
By equations (8), (9), (10), and (13b), the anomalous gravitational field due to the entities can be expressed as
Substituting for t E from equation (14) then leads to
The value of can be determined from the probability function, P(x), for the distance travelled by an entity before interacting with another entity. Irrespective of the details of the interaction this probability function P(x) will be given by the Beer-Lambert law; P(x) = e -x (17) where , the attenuation coefficient, is given by
with  being the cross section for the interaction and n i is the number density of the entities, i.e. the number of entities per unit volume, that can take part in an interaction. The attenuation coefficient can also be expressed by
where L is the mean free path length for the entities. To determine n i it will be taken that N, the rate per unit volume at which the entities come into existence, is constant and that the only interaction that is of concern is when an entity of energy +E 1 interacts with an entity of -E 1 resulting in the disappearance of both entities. As such, the number density of the entities that can take part in an interaction with an entity of opposite energy will be given by
and the attenuation coefficient, by equation (18), will thereby be
Using the Beer-Lambert law the average displacement of an entity can be determined. If the distance travelled by a given entity is solely dictated by how far it travels before an interaction, the average displacement of an entity before it would interact with an entity of opposite energy would be given by
as with any classical collision problem. However, given that the maximum lifetime of a given entity is , the maximum possible displacement, , of an entity will be given by
The average displacement of such an entity would then be given by
where the integral in the 2 nd term is equal to the probability that the entity does not interact with another entity before a time has passed. Evaluating the integrals of equation (24) 
For the case of the entities being displaced in a weak gravitational field,  <<1, where the probability of an interaction before a time  has passed is very low, equation (25) simplifies to
and the entities average displacement is determined by how far the entities can travel in a time equal to their maximum lifetime For the case of the entities being displaced in a strong gravitational field,  >> 1, where the probability of an interaction before a time  has passed is very high, equation (25) simplifies to = L (27) and the entities average displacement is determined by their mean free path length. The BeerLambert law does therefore lead to the expected average displacement of the entities in both a weak and a strong gravitational field.
In equation (16) it is the value of that is wanted. This will be given by
where  is given by
Substituting equation (28b) into equation (16) then results in the following expression for the anomalous gravitational field,
Equation (30b) can be further simplified by finding an expression for the attenuation coefficient . By equations (21) and (14), the attenuation coefficient  can be expressed as
where
Therefore, by equations (31) and (32b), the attenuation coefficient can be expressed as
By substituting equation (33) into equation (30b) the anomalous gravitational field due to the entities can thereby be expressed as
where  is given by equation (23),  is given by equation (33) and  is given by equation (29). The variable  and therefore the variables  and  are all functions of g. Therefore equation (34) gives the relationship between the anomalous gravitational field g A and the total gravitational field g.
Equation (34) is a transcendental equation and therefore g A cannot be expressed as an explicit function of g. However, the relationship between g A and g as given by equation (34) can be expressed as a series expansion. This can be shown as follows. Starting from the series expansions for the error and exponential functions the following expansions can be derived;
In addition, by equations (33) and (35);
is the attenuation coefficient in the weak field limit, i.e. setting in equation (21) equal to . By substituting equation (37b) into equation (36) and then equation (36) into equation (34), the following series expansion for g A is thereby obtained;
where the constant g 0 , with units of m s -2 , is defined as g 0 = .
(40)
In the far field of galaxies, where g << g 0 , the observed galactic rotational curves would indicate that the induced gravitational field is the dominant contributor to the total gravitational field. Therefore for g << g 0 , the anomalous gravitational field g A → g. In this limit it then follows from equation (39b) that g 0 .
By substituting equation (41) into equation (39b) the following second order weak field approximation for the dependence that g A has on g is then found;
Equation (42) is of the form of equation (4) and as is shown in Penner [21] a functional dependence of this form leads to the baryonic Tully-Fisher relationship.
To derive the baryonic Tully-Fisher relationship from equation (42) the substitution of g = g M + g A into the first order term of equation (42) is made, resulting in
which then simplifies to
Then by substituting for g M from equation (1) and equating the total gravitational field g to the centripetal acceleration of an orbiting mass, i.e. v 2 /r, the following relationship is found between the baryonic mass of a given galaxy and the weak or far field value for the orbiting speed of the stars;
Equation (45) is in agreement with the baryonic Tully-Fisher relationship. The hypotheses and the model presented in this paper leads therefore to the baryonic Tully-Fisher relationship. The details of the model and the approximations used will not affect this result. As discussed in
Penner [21] , if a gravitational field induces a contribution from the cosmos then in general g A is a function of g and can be expanded in a form as per equation (39b). This in turn leads to equation (44) which results in the dependence between M and v as given by the baryonic Tully-Fisher relationship.
The value for the constant g 0 in equation (45) can be determined by equating the coefficient of equation (45) 
Although this value is smaller than the observed value for the Pioneer anomaly, as given by equation (2), it is still encouragingly close. This is especially so given that the range of g being considered in going from the realm of the baryonic Tully-Fisher relationship to the realm of the Pioneer anomaly is over five orders of magnitude.
To explain the difference between the models' value, equation (48), and the observed value for the Pioneer anomaly, equation (2), the assumption that entities exist only with energies ±E 1 needs to be reconsidered. Consider the possibility where entities of both energies ±E 1 and ±E 2 exist. In order to keep things relatively simple, it will be taken that N, the rate at which entities come into existence per unit volume, and , the cross-section for the interactions, is the same for both the ±E 1 entities and the ±E 2 entities. Also only the interactions between entities of equal and opposite energy are of concern, i.e. interactions which result in the removal of the entities. As such the contribution of the ±E 1 entities and the ±E 2 entities are independent of each other and the net anomalous gravitational field will be given by
where by equation (34),
and g A2 =
(1 -).
(50b)
In the weak field approximation, equations (50a) 
Therefore, in the weak field limit where the baryonic Tully-Fisher relationship holds, the contribution to g A provided by the ±E 1 entities will dominate. The second order coefficient in equation (42) will remain at approximately 3/5 and the value for g 0 will stay at approximately the value as given by equation (46).
In a strong field,  >> 1, equations (50a) and (50b) simplify to g A1 = = g 0 (53a) and g A2 = = ( g 0 ) .
(53b)
Therefore, in the strong field limit, where the Pioneer anomaly holds, the contribution to g A by the ±E 2 entities will dominate. For the example with E 2 = 3.5E 1 the contribution due to the higher energy entities will be 3.5 times greater than the contribution due to the lower energy entities. and the value of g A will approach a value of The example provided, with E 2 = 3.5E 1 and N being the same for both the ±E 1 and the ±E 2 entities, does therefore lead to agreement with both the baryonic Tully-Fisher relationship and the observed value of the Pioneer anomaly. However, this is to be taken as no more than an example. Other distributions of the possible entities energy values could also be found to agree with the observations. In general, as demonstrated by the example, if more than one entity energy exists, the strong field value will exceed the value given by equation (48).
From the model presented some of the details of the entities can be determined. Expressing the interaction cross-section  as equal to r 0 2 , where r 0 is the range of the interaction, the following inequality would be expected to hold;
where N is the maximum entity density, i.e. the density of entities in the weak field limit. Equation (55) 
In Penner [21] it was conjectured that the entities were bound particle-antiparticle pairs. From equation (56b) it is seen that the speculation given by the author in [21] on the nature of the entities must be incorrect. Given the cross section for the interaction, equation (56b), the entities would appear to be single uncharged particles which must only interact via the weak force. At this time no further speculation will be offered regarding the nature of these entities.
III Conclusion
The theory of induced gravitational contribution from the cosmos that is presented in this paper leads to both the baryonic Tully-Fisher relationship and the Pioneer anomaly. This theory ties the two gravitational anomalies to each other, with the coefficient of the baryonic TullyFisher relationship determining the constant value that g A approaches in a strong gravitational field. The approximations and simplifications presented are substantial. However, given that the baryonic Tully-Fisher relationship and the Pioneer anomaly do fall out naturally from the proposed theory it would seem that this theory is pointing in the right direction.
An issue that needs to be addressed is why the value of the observed Pioneer anomaly drops towards zero as one approaches the Sun. The rapid rate at which it drops may be a clue. One physical property that rapidly changes with distance from the Sun is the energy density of the solar magnetic field. The energy density of the magnetic field of a magnetic dipole, such as the Sun's, drops off with distance as r -6 . The solar magnetic field density therefore increases by a factor of 64 as the distance from the Sun is reduced from 20 AU's to 10 AU's. If an electromagnetic field inhibits the coming into existence of the proposed entities of the model, reduces the lifetime of the entities or reduces the amount of their displacement, then a rapid drop in the value of g A as the Sun is approached would be expected. Interestingly, if the solar magnetic field is responsible for a reduction in the value for g A then it would be expected that the value of g A within our solar system would not only vary with the distance from the Sun but also on the orientation with respect to the solar magnetic field. However, more work is required to explain why the Pioneer anomaly drops rapidly to zero within the inner solar system.
In the model presented in this paper, the positive net energy entities shift towards a gravitational source while the negative entities shift away, with the result that the energy density of the vacuum surrounding a given mass is positive. A positive energy density corresponds to having more positive energy entities than negative energy entities within a given volume. If only a single gravitational source is present and the cosmos is bounded then, as with the analogous case of a dielectric with an embedded charge, the bounding surface would have a net negative energy and overall the interior vacuum and the bounding surface would have a net energy of zero. Of course, the Universe does not have a bounding surface and multiple gravitational sources are present. There then must be regions where the vacuum energy density is positive, i.e. in the regions surrounding masses, and regions where the vacuum energy density is negative. It is speculated that the regions where the vacuum energy density is negative corresponds to the voids between galactic clusters. If this is the case, these voids with their net negative energy would be expected to repel mass. Therefore, while on the one hand the energy polarization of the vacuum leads to stronger gravitational fields surrounding matter and thereby leads to greater and faster accumulations of mass, on the other hand the energy polarization of the vacuum also leads to these accumulations of mass being repelled away from the voids and thereby away from each other. How this may be related to the observed acceleration of galactic clusters away from each other, which is currently explained by the concept of dark energy, will not be speculated on at this time.
